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Abstract
An algorithm for the explicit computation of a complete set of primitive cen-
tral idempotents, Wedderburn decomposition and the automorphism group
of the semisimple group algebra of a finite metabelian group is developed.
The algorithm is illustrated with its application to the semisimple group al-
gebra of an arbitrary metacyclic group, and certain indecomposable groups
whose central quotient is the Klein four-group.
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1 Introduction
Let Fq[G] be the group algebra of a finite group G over the finite field Fq with q
elements. In order to understand the algebraic structure of Fq[G], in the semisimple
1
case, i.e., when q is coprime to the order of G, an essential step is to compute a
complete set of primitive central idempotents and the Wedderburn decomposition
of Fq[G]. These computations, in turn, help to investigate the automorphism group
and the unit group of Fq[G].
Let (H, K) be a strongly Shoda pair ([3], Definition 5) of G and let C be a
q-cyclotomic coset of Irr(K/H), the set of irreducible characters of K/H over the
algebraic closure Fq of Fq, corresponding to a generator of Irr(K/H). Broche and
Rio ([3], Theorem 7 ) proved that the pair ((H, K), C) defines a primitive central
idempotent, eC(G, K, H), of Fq[G]. They further proved that if G is an abelian-
by-supersolvable group, then every primitive central idempotent of the semisimple
group algebra Fq[G] is defined by a pair of the type ((H, K), C). However, it is
possible that two distinct such pairs may define the same primitive central idem-
potent. Thus in order to determine the algebraic structure of Fq[G], G abelian-by-
supersolvable, the problem lies in finding a set S of pairs of type ((H, K), C) so
that {eC(G, K, H) | ((H, K), C) ∈ S} is a complete irredundant set of primitive
central idempotents of Fq[G].
In Section 2, we provide an efficient algorithm for the solution of this problem
for Fq[G], when G is metabelian (Theorem 2). Our analysis, in turn, leads to an
explicit description of the Wedderburn decomposition and the automorphism group
of Fq[G] (Theorem 3). In Section 3, we illustrate our algorithm with its application
to an arbitrary finite metacyclic group G = 〈a, b | an = 1, bt = ak, b−1ab = ar〉,
n, t, k, r natural numbers, rt ≡ 1 (modn), k(r − 1) ≡ 0 (modn), of order nt
coprime to q, and provide an alternative way of finding a complete set of the
primitive central idempotents to those given in [1]. We next apply our result, in
Section 4, to indecomposable groups G whose central quotient, G/Z(G), is the
Klein four-group. It is known, ([7], Chapter 5), that such groups breakup into five
different classes. Ferraz, Goodaire and Milies [5] have given, in each case, a lower
bound on the number of simple components of the semisimple finite group algebra
Fq[G].We provide the complete algebraic structure of the semisimple group algebra
Fq[G] for group G in two of the five classes; thus improving Theorems 3.1 & 3.2 of
[5].
2
2 Metabelian groups
Let G be a finite group. We adopt the following notation:
eFq(χ)
χ(1)
|G|
∑
σ∈Gal(Fq(χ)/Fq)
σ(χ(g))g−1, the primitive central idempotent of Fq[G]
determined by χ ∈ Irr(G),where Fq(χ) is the field obtained by adjoining to
Fq, all the character values χ(g), g ∈ G;
A the set of pairs (H, K), where H EK ≤ G and K/H is cyclic;
C(K/H) the set of q-cyclotomic cosets of Irr(K/H) containing the generators of
Irr(K/H), where (H, K) ∈ A;
R(K/H) the set of distinct orbits of C(K/H) under the action of NG(H) ∩NG(K)
on C(K/H) given by g.C = Cg(:= g−1Cg), g ∈ NG(H) ∩NG(K),
C ∈ C(K/H),where NG(H) denotes the normalizer of H in G;
EG(K/H) the stabilizer of any C ∈ C(K/H) under the above action of
NG(H) ∩NG(K) on C(K/H) (note that this stabilizer does not depend on C);
εC(K,H) |K|
−1
∑
g∈K trFq(ζ)/Fq(χ(g))g
−1, where χ is a representative of the
q-cyclotomic coset C, and ζ is a primitive [K : H ]-th root of unity in Fq,
(H, K) ∈ A, C ∈ C(K/H);
eC(G, K, H) the sum of distinct G-conjugates of εC(K,H).
For the rest of this section, we assume G to be a finite metabelian group.
2.1 Primitive central idempotents
We follow the notation introduced in [2]. Let
• A:= a fixed maximal abelian subgroup of G containing its derived subgroup
G′.
• T := the set of all subgroups D of G with D ≤ A and A/D cyclic.
For D1, D2 ∈ T , we say that D1 is equivalent to D2 if there exists g ∈ G such that
D2 = D
g
1. Let
• TG:= a set of representatives of the distinct equivalence classes of T .
For D ∈ T , let
• KD := a fixed maximal element of {K | A ≤ K ≤ G, K
′ ≤ D}.
• R(D) := the set of those linear representations of KD over Fq whose restric-
tion to A has kernel D.
• RC(D) := a complete set of those representations in R(D) which are not
mutually G-conjugate.
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The following result is proved in [2] for complex irreducible representations.
However, the analogous proof works for the irreducible representations of G over
Fq.
Theorem 1 [2] Let G be a finite metabelian group with A and TG as defined above.
Then
Ω = {ρG | ρ ∈ RC(D), D ∈ TG},
is a complete set of inequivalent irreducible representations of G over Fq, where ρ
G
denotes ρ induced to G.
Furthermore, ρG ∈ Ω is faithful if, and only if, D is core-free in G, i.e.,
∩x∈GD
x = {1}.
For N EG with
AN/N := a maximal abelian subgroup of G/N containing (G/N)
′,
define
SG/N := {(D/N, AN/N) |D/N ∈ TG/N , D/N core-free in G/N}.
Let
S := {(N, D/N, AN/N) |N EG, SG/N 6= ø, (D/N, AN/N) ∈ SG/N}.
By ([2], Lemma 6), each element (N, D/N, AN/N) ∈ S defines a strongly Shoda
pair (D, AN) in G and the mapping ((N, D/N, AN/N) 7→ (D, AN) from S to the
set of strongly Shoda pairs of G is one-one. Thus S may be regarded as a subset
of strongly Shoda pairs of G.
Let ordn(q) denote the order of q modulo n, n ≥ 1. We prove the following:
Theorem 2 Let Fq be a finite field with q elements and G a finite metabelian
group. Suppose that gcd(q, |G|) = 1. Then,
(i) {eC(G, AN , D) | (N, D/N, AN/N) ∈ S, C ∈ R(AN/D)} is a
complete set of primitive central idempotents of Fq[G];
(ii) for (N, D/N, AN/N) ∈ S and C ∈ R(AN/D), the simple com-
ponent Fq[G]eC(G, AN , D) is isomorphic to M[G:AN ](Fqo(AN,D)), the al-
gebra of [G : AN ] × [G : AN ] matrices over the field Fqo(AN,D), where
o(AN , D) =
ord([AN :D])(q)
[EG(AN/D):AN ]
.
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Proof. (i) Let
S := {((N, D/N, AN/N), C) | (N, D/N, AN/N) ∈ S, C ∈ R(AN/D)}. (1)
If ((N, D/N, AN/N), C) ∈ S, then, by ([2], Lemma 6), (D, AN) is a strongly
Shoda pair in G, and therefore, by ([3], Theorem 7 ), eC(G, AN , D) is a primitive
central idempotent of Fq[G]. Thus we have a map
pi : ((N, D/N, AN/N), C) 7→ eC(G, AN , D)
from S to a complete set of primitive central idempotents of Fq[G]. In order to
prove the Theorem, we need to prove that pi is 1-1 and onto.
To show that pi is onto, let e be a primitive central idempotent of Fq[G]. We
have e = eFq(χ), for some χ ∈ Irr(G). Let τ be a representation affording χ and
N = ker τ, the kernel of the character τ . Let τ be the corresponding faithful
representation of G/N. By Theorem 1, it follows that there exists a unique pair
(D/N, AN/N) ∈ SG/N and a representation ρ of AN/N with kernel D/N such that
τ = ρG/N . This yields χ = ψG, where ψ is the character afforded by ρ : AN → Fq
given by ρ(x) = ρ(xN). Since kerψ = D, by ([1], Lemma 1), we have
eFq(χ) = eC(G, AN , D), (2)
where C ∈ R(AN/D) is the q-cyclotomic coset of ψ and consequently pi is onto.
To show that pi is 1-1, let ((N, D/N, AN/N), C) and
((N˜ , D˜/N˜, AN˜/N˜), C˜) ∈ S be such that
eC(G, AN , D) = eC˜(G, AN˜ , D˜). (3)
Let ρ ∈ RC(D), ρ˜ ∈ RC˜(D˜) and χ and χ˜ be the character afforded by ρ
G
and ρ˜G respectively. By ([1], Lemma 1), eFq(χ) = eC(G, AN , D) and eFq(χ˜) =
eC˜(G, AN˜ , D˜). Therefore, equation (3) implies that eFq(χ) = eFq(χ˜), which, in
turn, implies that
χ˜ = σ ◦ χ, σ ∈ Gal(Fq(χ)/Fq). (4)
Consequently, N˜ = ker(χ˜) = ker(χ) = N. Also, by going modulo N, it follows from
equation (4) and Theorem 1, that D/N and D˜/N are conjugate in G/N. This gives
D/N = D˜/N, i.e., D = D˜. Next, if {z1, z2, . . . , zk} is a transversal of EG(AN/D)
in G, then, by ([3], Lemma 4 ) and equation (3), we have
k∑
j=1
εCzj (AN , D
zj ) =
k∑
j=1
εC˜zj (AN , D
zj ). (5)
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Since both the sides of the above equation are primitive central idempotents in
Fq[AN ], it follows that, for some j, 1 ≤ j ≤ k,
εC(AN , D) = εC˜zj (AN , D
zj). (6)
However, by ([3], Proposition 2), εC(AN , D) = eFq(ρ), and εC˜zj (AN , D˜
zj) =
eFq(ρ˜
zj). Therefore, we have by equation (6), eFq(ρ) = eFq(ρ˜
zj ), which, as before,
gives D = ker ρ = ker ρ˜zj = D˜zj = Dzj , i.e., zj ∈ NG(D). Consequently, C and C
′
have same orbits. This proves that pi is 1-1. 
(ii) follows from ([3], Corollary 9). 
2.2 Wedderburn decomposition and automorphism group
We continue with the notation introduced in §2.1. Let Aut(Fq[G]) be the group of
Fq-automorphisms of Fq[G]. For n ≥ 1, let Zn be the additive group of integers
modulo n, Sn the symmetric group of degree n, SLn(K) the group of invertible
n× n matrices over the field K of determinant 1, and for any algebra K, let K(n)
denote the direct sum of n copies of K. Let ξ be a primitive |G|-th root of unity
in Fq. Let (N, D/N, AN/N) ∈ S. Then AN/D is a cyclic group generated by aD,
say. Let x1, x2, . . . , xt be a transversal of AN in G, and ri, 1 ≤ i ≤ t, be integers
such that x−1i axiD = a
riD. Let ζ = ξ|G|/[AN :D], and K(N, D/N, AN/N) be the
subfield of Fq obtained by adjoining the t elements
t∑
i=1
ζjri, 1 ≤ j ≤ t − 1 to Fq.
It is easily seen that the field K(N, D/N, AN/N) is independent of the choice of
transversal of AN in G.
For d|[G : G′] and l|[Fq(ξ) : Fq], let Sd, l be the set of those (N, D/N, AN/N) ∈
S such that
(i) [G : AN ] = d,
(ii) [K(N, D/N, AN/N) : Fq] = l.
Clearly Sd, l, d|[G : G
′], l|[Fq(ξ) : Fq], are disjoint and S =
⋃
d | [G:G′]
l | [Fq(ξ):Fq ]
Sd, l.
Theorem 3 With the above notation,
(i) Fq[G] ∼=
⊕
d|[G:G′]
l|[Fq(ξ):Fq ]
Md(Fql)
(αd, l),
(ii) Aut(Fq[G]) ∼=
⊕
d | [G:G′]
l | [Fq(ξ):Fq ]
K
(αd, l)
d, l ⋊ Sαd, l,
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where Kd, l = SLd(Fql) ⋊ Zl, a semi direct product of SLd(Fql) by Zl, and αd, l =∑
(N,D/N,AN/N)∈Sd, l
|R(AN/D)|.
Proof. (i) It follows from Theorem 2 that for ((N, D/N, AN/N), C) ∈ S, where
S is as defined in equation (1),
Fq[G]eC(G, AN , D) ∼=M[G:AN ](Fqo(AN,D))
Thus we have,
Fq[G] ∼=
⊕
((N,D/N,AN/N), C)∈S
Fq[G]eC(G, AN , D)
∼=
⊕
(N,D/N,AN/N)∈S
⊕
C∈R(AN /D)
Fq[G]eC(G, AN , D)
∼=
⊕
(N,D/N,AN/N)∈S
⊕
C∈R(AN /D)
M[G:AN ](Fqo(AN,D))
∼=
⊕
d|[G:G′]
l|[Fq(ξ):Fq ]
⊕
(N,D/N,AN/N)∈Sd, l
⊕
C∈R(AN /D)
M[G:AN ](Fqo(AN,D))
∼=
⊕
d|[G:G′]
l|[Fq(ξ):Fq ]
⊕
(N,D/N,AN/N)∈Sd, l
M[G:AN ](Fqo(AN,D))
(|R(AN /D)|)
For d | [G : G′], l | [Fq(ξ) : Fq], and (N, D/N, AN/N) ∈ Sd, l, we show that
o(AN , D) = [K(N, D/N, AN/N) : Fq] = l. (7)
If ρ ∈ RC(D) and χ is the character afforded by ρ
G, then, by ([1], Lemma 1),
[EG(AN/D) : AN ] = [Fq(ζ) : Fq(χ)].
However, note that
Fq(χ) = K(N, D/N, AN/N).
Therefore, we have,
[K(N, D/N, AN/N) : Fq] = [Fq(ζ) : Fq]/[EG(AN/D) : AN ] = o(AN , D).
This proves (7) and we thus have
Fq[G] ∼=
⊕
d|[G:G′]
l|[Fq(ξ):Fq ]
⊕
(N,D/N,AN/N)∈Sd, l
Md(Fql)
(|R(AN /D)|)
∼=
⊕
d|[G:G′]
l|[Fq(ξ):Fq ]
Md(Fql)
(αd, l),
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where αd, l =
∑
(N,D/N,AN/N)∈Sd, l
|R(AN/D)|. This proves (i).
(ii) It follows from (i) and the standard results on automorphisms of finite
dimensional algebras. 
3 Metacyclic groups
We now illustrate Theorem 2 with its application to metacyclic groups; thus obtain-
ing an alternative way of finding a complete set of primitive central idempotents
of Fq[G] with G given by presentation
G = 〈a, b | an = 1, bt = ak, b−1ab = ar〉, (8)
where n, t, k, r are natural numbers with rt ≡ 1 (modn), k(r − 1) ≡ 0 (modn).
For a divisor v of n, let
• ov = ordv(r).
• Gov = 〈a, b
ov〉.
• Bov = {(w, i, c) ∈ Z
3 |w > 0, w |n, w | rov −1, ovc > 0 , ovc | t, w | k+ i
t
ovc
}.
Let
N = {(v, i, c) ∈ Z3 | v > 0, v|n, c > 0, c|t, 0 ≤ i ≤ v−1, v|k+i
t
c
, ov | c and v | i(r−1)}.
For (v, i, c) ∈ N, define
• Hv, i, c = 〈a
v, aibc〉.
• Xv, i, c = {(v, α, β) | βov | c, α
c
βov
≡ i (mod v), β = c gcd(α(r−1), v)
vov
,
gcd(v, α, β) = 1 and (v, α, β) ∈ Bov}.
Define a relation, denoted ∼, on Xv, i, c as follows:
For (v, α1, β1), (v, α2, β2) ∈ Xv, i, c, we say that (v, α1, β1) ∼ (v, α2, β2) ⇔ β1 =
β2 and α1 ≡ α2r
j (mod v) for some j. It is easy to see that ∼ is an equivalence
relation on Xv, i, c. Let Xv, i, c denote the set of distinct equivalence classes of Xv, i, c
under the equivalence relation ∼ .
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Theorem 4 Let Fq be a finite field with q elements and G the group given by the
presentation (8). If gcd(q, nt) = 1, then⋃
(v, i, c)∈N
{eC(G, Gov , Hv, α, βov), | (v, α, β) ∈ Xv, i, c, C ∈ R(Gov/Hv, α, βov)}
is a complete set of primitive central idempotents of the group algebra Fq[G].
We prove the above result in a number of steps.
Lemma 1 Hv, i, c, (v, i, c) ∈ N, are all the distinct normal subgroups of G.
Proof. Let N EG. Suppose N ∩ 〈a〉 = 〈av〉, v |n, v > 0. Now, if N/N ∩ 〈a〉, as a
subgroup of G/〈a〉, is generated by 〈bc〈a〉〉, c > 0, c | t, then clearly,
N = 〈av, aibc〉 for some i, 0 ≤ i ≤ v − 1. (9)
Now N being a normal subgroup of G, we must have b−1aibcb, a−1aibca and
(aibc)
t/c
all belong to N. This gives
v | i(r − 1), ov | c, v | k + i
t
c
. (10)
Consequently, equations (9) and (10) yield that (v, i, c) ∈ N and N = Hv, i, c.
Conversely, it is easy to see that for any (v, i, c) ∈ N, Hv, i, c is normal subgroup
of G. Furthermore,
|Hv, i, c| =
nt
vc
. (11)
In order to complete the proof of the Lemma, we need to show that
Hv, i, c, (v, i, c) ∈ N, are distinct. Let (v1, i1, c1), (v2, i2, c2) ∈ N be such that
Hv1, i1, c1 = Hv2, i2, c2 . Then 〈a
v1〉 = Hv1, i1, c1 ∩ 〈a〉 = Hv2, i2, c2 ∩ 〈a〉 = 〈a
v2〉
implies that v1 = v2 = v, say. Also, in view of equation (11), |Hv, i1, c1/〈a
v〉| =
|Hv, i2, c2/〈a
v〉| implies that c1 = c2 = c, say. Further, a
i2bc ∈ Hv, i2, c, a
i1bc ∈ Hv, i1, c
and Hv, i1, c = Hv, i2, c gives that a
i1−i2 ∈ Hv, i1, c∩〈a〉 = 〈a
v〉. Hence i2 ≡ i1 (mod v1),
i.e., i1 = i2. This proves the Lemma. 
Lemma 2 Let (v, i, c) ∈ N and N = Hv, i, c. Then
(i) Gov/N is a maximal abelian subgroup of G/N containing (G/N)
′
.
(ii) H/N is a subgroup of Gov/N with cyclic quotient and H/N core-free in G/N ⇔
H = Hv, α, βov , (v, α, β) ∈ Xv, i, c.
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Proof. (i) By ([4], p.336), G′ov = 〈a
rov−1〉. Since v | rov − 1, we have
G′ov ≤ 〈a
v〉 ≤ N and therefore Gov/N is abelian. Furthermore, Gov/N contains
(G/N)
′
as G′ = 〈ar−1〉 ≤ 〈a, bov〉 = Gov . Thus Gov/N is an abelian subgroup of
G/N containing (G/N)
′
.
If ov = 1, then clearly, Gov/N = G/N is a maximal abelian subgroup of G/N
containing (G/N)
′
. Let ov > 1. Suppose that K/N is an abelian subgroup of
G/N with Gov/N ≤ K/N ≤ G/N. Since ov > 1, G/N is not abelian. Thus
K/N  G/N. Now K∩〈a〉 = 〈a〉 implies that K = 〈a, bj〉 for some j | ov. However,
K ′ ≤ N implies that 〈ar
j−1〉 ≤ N, which gives that v | rj−1, i.e., ov | j. Thus j = ov
and K/N = Gov/N. This proves (i).
(ii) Let H/N be a subgroup of Gov/N with cyclic quotient. By ([8], Lemma
2.2), we have
H = Hu, α, βov , (u, α, β) ∈ Bov and gcd(u, α, β) = 1.
Since N ≤ H , we must have av ∈ H and aibc ∈ H, which holds, if, and only if,
u | v, βov | c and α
c
βov
≡ i (modu). (12)
We claim that core(H), the largest normal subgroup of G contained in H, is
given by
core(H) = 〈au, aα
δ
βov bδ〉, δ =
βuov
gcd(α(r − 1), u)
.
Let K = 〈au, aα
δ
βov bδ〉 with δ as above. Since (u, α δ
βov
, δ) ∈ N, by Lemma 1,
it follows that K is a normal subgroup of G. Since abova−1b−ov ∈ 〈av〉, we have
aα
δ
βov bδ(aαbβov)
− δ
βov ∈ 〈av〉. Thus K is a subgroup of Hu, α, βov = H.
In order to show that core(H) = K, we need to show that K is the largest
normal subgroup of G contained in H = Hu, α, βov . Let L be a normal subgroup
of G contained in Hu, α, βov . By Lemma 1, L = Hw, γ, f for some (w, γ, f) ∈ N.
Since 〈aw〉 = L ∩ 〈a〉 ≤ Hu, α, βov ∩ 〈a〉 = 〈a
u〉, it follows that u |w. Next ob-
serve that an arbitray element of Hu, α, βov is of the type a
jbs with βov | s and
j ≡ α s
βov
(mod u). Therefore, L = Hw,γ, f is a subgroup of Hu, α, βov if, and
only if, βov | f and γ ≡ α
f
βov
(mod u). Since γ(r − 1) ≡ 0 (modw), we have
α f
βov
(r − 1) ≡ 0 (modu). This gives that δ | f and consequently L = Hw, γ, f is
contained in K = 〈au, aα
δ
βov bδ〉. This proves that K is the largest normal subgroup
of G contained in Hu, α, βov , which proves the claim.
It is now immediate from the claim that H/N is core-free in G/N if, and only
if, u = v and δ = c. This proves (ii). 
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Lemma 3 Let (v, i, c) ∈ N and (v, α1, β1), (v, α2, β2) ∈ Xv, i, c. Then Hv, α1, β1ov
and Hv, α2, β2ov are conjugate in G if, and only if, β1 = β2 and α1 ≡ α2r
j (mod v),
for some j.
Proof. Suppose
Hv, α1, β1ov = g
−1Hv, α2, β2ovg, g = a
ibj ∈ G. (13)
Then, in particular, in view of equation (11), we have
|Hv, α1, β1ov | =
nt
vβ1ov
=
nt
vβ2ov
= |Hv, α2, β2ov |,
i.e.,
β1 = β2.
Further equation (13) holds, if, and only if,
(aibj)
−1
aα2bβ1ovaibj ∈ Hv, α1, β1ov .
Since abova−1b−ov ∈ 〈av〉, we have (aibj)
−1
aα2bβ1ovaibj(aα2r
j
bβ1ov)
−1
∈ 〈av〉 ⊆
Hv, α1, β1ov , which yields that
α1 ≡ α2r
j (mod v)
and proves the Lemma. 
Proof of Theorem 4. By Lemma 1, Hv, i, c, (v, i, c) ∈ N, are all the distinct
normal subgroups of G. For (v, i, c) ∈ N, and N = Hv, i, c, Lemma 2 implies that
SG/N = {(Hv, α, βov/N, Gov/N) | (v, α, β) ∈ Xv, i, c}.
Therefore, we have
S =
⋃
(v, i, c)∈N
{(Hv, i, c, Hv, α, βov/N, Gov/N) | (v, α, β) ∈ Xv, i, c}
and consequently, Theorem 2 yields the required result. 
4 Groups with central quotient Klein four-group
The groups G of the type G/Z(G) ∼= Z2 × Z2, where Z(G) denotes the centre
of the group G, arose in the work of Goodaire [6] while studying Moufang loops.
It is known ([7], Chapter 5) that any group with G/Z(G) ∼= Z2 × Z2 is the direct
11
product of an indecomposable group (with this property) and an abelian group;
Moreover the finite indecomposable groups with G/Z(G) ∼= Z2×Z2 break into five
classes as follows:
Group Generators Relations
D1 x, y, t x
2, y2, t2
m
, y−1x−1yxt2
m−1
, t central ,
m ≥ 1
D2 x, y, t x
2t−1, y2t−1, t2
m
, y−1x−1yxt2
m−1
, t central ,
m ≥ 1
D3 x, y, t1, t2 x
2, y2t−12 , t
2m1
1 , t
2m2
2 , y
−1x−1yxt2
m1−1
1 , t1, t2 central ,
m1, m2 ≥ 1
D4 x, y, t1, t2 x
2t−11 , y
2t−12 , t
2m1
1 , t
2m2
2 , y
−1x−1yxt2
m1−1
1 , t1, t2 central ,
m1, m2 ≥ 1
D5 x, y, t1, t2, t3 x
2t−12 , y
2t−13 , t
2m1
1 , t
2m2
2 , t
2m3
3 , y
−1x−1yxt2
m1−1
1 , t1, t2, t3 central ,
m1, m2, m3 ≥ 1
It thus becomes important to investigate the group algebra Fq[G], G of type
Di, 1 ≤ i ≤ 5. Recently, Ferraz, Goodaire and Milies [5] have given a lower bound
on the number of simple components of these semisimple finite group algebras. We
improve Theorems 3.1 & 3.2 of [5] by providing the complete algebraic structure
of Fq[G], G of type Di, i = 1, 2.
4.1 Groups of type D1
Observe that for m = 1, the group G of type D1 is isomorphic to D8, the
dihedral group of order 8, and the structure of group algebra Fq[D8] can be read
from Example 4.3 of [1].
Let m ≥ 2, Define
N0 := 〈1〉, N1 := 〈t, x〉, N2 := 〈t, y〉, N3 := 〈t, xy〉, N
(α)
4 := 〈t
2α , x, y〉,
N
(β)
5 := 〈t
2m−1 , x, yt2
β
〉, N
(β)
6 := 〈t
2m−1 , xt2
β
, y〉, N
(β)
7 := 〈t
2βx, t2
β
y〉,
0 ≤ α ≤ m− 1, 0 ≤ β ≤ m− 2.
Let λ be the highest power of 2 dividing q − 1 (resp. q + 1) according as
q ≡ 1 (mod 4) (resp. q ≡ −1 (mod 4)).
Ferraz, Goodaire and Milies ([5], Theorem 3.1) proved that the Wedderburn
decomposition of Fq[G], G of type D1, contains at least 8m−10 simple components.
If q ≡ 3 (mod 8), then this number is acheived with 8m−12 fields and 2 quaternion
algebras, each necessarily a ring of 2 × 2 matrices. The following result improves
the result of Ferraz et.al. by providing a concrete description of Fq[G], G of type
D1:
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Theorem 5 A complete set of primitive central idempotents, Wedderburn decom-
position and the automorphism group of Fq[G], G of type D1, m ≥ 2, are given
by:
Primitive central idempotents
eC(G, N1, 〈x〉), C ∈ R(N1/〈x〉);
eC(G, G, Ni), C ∈ R(G/Ni), 1 ≤ i ≤ 3;
eC(G, G, N
(α)
4 ), C ∈ R(G/N
(α)
4 ), 0 ≤ α ≤ m− 1;
eC(G, G, N
(β)
j ), C ∈ R(G/N
(β)
j ), 0 ≤ β ≤ m− 2, 5 ≤ j ≤ 7.
Wedderburn decomposition
q ≡ 1 (mod 4)
Fq[G] ∼=


Fq
(2m+1)⊕M2(Fq)(2m−1), m ≤ λ,
Fq
(2m+1)⊕M2(Fq2)(2m−2), m = λ+ 1,
Fq
(2λ+2)⊕m−1
α=λ+1 Fq2α−λ
(2λ+1)⊕M2(Fq2m−λ )(2λ−1), m ≥ λ+ 2.
q ≡ −1 (mod 4)
Fq[G] ∼=


Fq
(8)⊕Fq2(2m−4)⊕M2(Fq2)(2m−2), 2 ≤ m ≤ λ+ 1,
Fq
(8)⊕Fq2(2m−4)⊕M2(Fq4)(2m−3), m = λ+ 2,
Fq
(8)⊕Fq2(2λ+2−4)⊕m−1α=λ+2 Fq2α−λ (2λ+1)⊕M2(Fq2m−λ )(2λ−1), m ≥ λ+ 3.
Automorphism group
q ≡ 1 (mod 4)
Aut(Fq[G]) ∼=


S2m+1
⊕
(SL2(Fq)
(2m−1)
⋊ S2m−1), m ≤ λ,
S2m+1
⊕(
(SL2(Fq2)⋊ Z2)
(2m−2)
⋊ S2m−2
)
, m = λ+ 1,
S2λ+2
⊕m−1
α=λ+1(Z2α−λ
(2λ+1) ⋊ S2λ+1)
⊕
Hλ, m ≥ λ+ 2,
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q ≡ −1 (mod 4)
Aut(Fq[G]) ∼=


S8
⊕
(Z2
(2m−4) ⋊ S2m−4)
⊕
((SL2(Fq2)⋊ Z2)
(2m−2)
⋊ S2m−2), m ≤ λ+ 1,
S8
⊕
(Z2
(2m−4) ⋊ S2m−4)
⊕
((SL2(Fq4)⋊ Z4)
(2m−3)
⋊ S2m−3), m = λ+ 2,
S8
⊕
(Z2
(2λ+2−4) ⋊ S2λ+2−4)
⊕m−1
α=λ+2(Z2α−λ
(2λ+1) ⋊ S2λ+1)
⊕
Hλ, m ≥ λ+ 3,
where Hλ = (SL2(Fq2m−λ )⋊ Z2m−λ)
(2λ−1)
⋊ S2λ−1 .
In order to prove the above Theorem, we first need to compute all the normal
subgroups of G, G of type D1.
Lemma 4 All the distinct non-identity normal subgroups of G are given by:
(i) 〈t2
α
, x〉, 〈t2
α
, y〉, 〈t2
α
, xy〉, 〈t2
α
, x, y〉;
(ii) 〈t2
β
x〉, 〈t2
β
y〉, 〈t2
m−1
, t2
β
xy〉, 〈t2
m−1
, x, t2
β
y〉, 〈t2
m−1
, t2
β
x, y〉, 〈t2
β
x, t2
β
y〉;
(iii) 〈t2
γ
〉,
where 0 ≤ α ≤ m− 1, 0 ≤ β ≤ m− 2 and 0 ≤ γ ≤ m− 1.
Proof. Observe that all the subgroups listed in the statement are distinct and
normal in G.
Let N be a normal subgroup of G not contained in 〈t〉. If N 6= 〈1〉, then it is
easy to see that 〈t2
m−1
〉 ≤ N. Therefore N ∩ 〈t〉 = 〈t2
v
〉, 0 ≤ v ≤ m − 1. Since
N/N ∩ 〈t〉 is isomorphic to subgroup of G/〈t〉, which is generated by x〈t〉, y〈t〉, it
follows that N/N ∩〈t〉 is isomorphic to one of the following: 〈x〈t〉〉, 〈y〈t〉〉, 〈xy〈t〉〉
or 〈x〈t〉, y〈t〉〉.
Case I : N/〈t2
v
〉 ∼= 〈x〈t〉〉
In this case, N = 〈t2
v
, t2
i
x〉, for some i, 0 ≤ i ≤ v ≤ m− 1.
If i = v, then N = 〈t2
v
, x〉. Since N E G, xt2
m−1
= y−1xy ∈ N, implies that
t2
m−1
∈ N ∩ 〈t〉 = 〈t2
v
〉, which is possible only if v ≤ m− 1.
If i < v, then N = 〈t2
v
, t2
i
x〉 = 〈t2
i
x〉 as t2
v
∈ 〈t2
i
x〉. Further xt2
i+2m−1 =
y−1t2
i
xy ∈ N implies that t2
m−1
∈ 〈t2
v
〉. Hence v ≤ m− 1 and i ≤ m− 2.
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Thus in this case, either
N = 〈t2
i
, x〉, 0 ≤ i ≤ m− 1 (14)
or
N = 〈t2
i
x〉, 0 ≤ i ≤ m− 2. (15)
Case II: N/〈t2
v
〉 ∼= 〈y〈t〉〉.
Computation analogous to those in Case I yield that
N = 〈t2
i
y〉, 0 ≤ i ≤ m− 2 (16)
or
N = 〈t2
i
, y〉, 0 ≤ i ≤ m− 1. (17)
Case III: N/〈t2
v
〉 ∼= 〈xy〈t〉〉.
In this case N = 〈t2
v
, t2
i
xy〉 for 0 ≤ i ≤ v ≤ m− 1.
If i = v, then N = 〈t2
v
, xy〉. Since N is a normal subgroup of G, xyt2
m−1
=
y−1xyy ∈ N, implies that t2
m−1
∈ N∩〈t〉 = 〈t2
v
〉, which is possible only if v ≤ m−1.
If i < v, then N = 〈t2
v
, t2
i
xy〉, 0 ≤ i ≤ m−2. Since 〈t2
m−1
, t2
i
xy〉 ≤ 〈t2
v
, t2
i
xy〉
and
t2
v
=

(t
2ixy)
2v−i
t2
m−1
, if v − i = 1,
(t2
i
xy)
2v−i
, if v − i ≥ 2,
it follows that 〈t2
v
, t2
i
xy〉 = 〈t2
m−1
, t2
i
xy〉.
Thus in this case, either
N = 〈t2
i
, xy〉, 0 ≤ i ≤ m− 1 (18)
or
N = 〈t2
m−1
, t2
i
xy〉, 0 ≤ i ≤ m− 2. (19)
Case IV: N/〈t2
v
〉 ∼= 〈x〈t〉, 〈y〈t〉〉.
In this case, N is one of the following forms:
(a) 〈t2
v
, x, y〉;
(b) 〈t2
v
, t2
i
x, y〉 for some i, 0 ≤ i ≤ v − 1;
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(c) 〈t2
v
, x, t2
i
y〉 for some i, 0 ≤ i ≤ v − 1;
(d) 〈t2
v
, t2
i
x, t2
i
y〉 for some i, 0 ≤ i ≤ v − 1;
(e) 〈t2
v
, t2
i
x, t2
j
y〉 for some 1 ≤ i, j ≤ v − 1, i 6= j.
Observe that for 0 ≤ i ≤ v − 1,
〈t2
v
, t2
i
x, y〉 = 〈t2
m−1
, t2
i
x, y〉,
〈t2
v
, x, t2
i
y〉 = 〈t2
m−1
, x, t2
i
y〉,
and
〈t2
v
, t2
i
x, t2
i
y〉 = 〈t2
m−1
, t2
i
x, t2
i
y〉.
Also for 1 ≤ i, j ≤ v − 1, i 6= j,
〈t2
v
, t2
i
x, t2
j
y〉 =
{
〈t2
i
x, y〉, if i < j,
〈x, t2
j
y〉, if j < i.
Thus we have proved that any normal subgroup of G not contained in 〈t〉 is
one of the forms given in (i) and (ii) of the statement. This proves the Lemma. 
Proof of Theorem 5. In order to apply Theorem 2 to a group G of type D1, we
need to compute SG/N for all normal subgroups N of G given by Lemma 4.
Clearly if N = 〈1〉, SG/N = {(〈x〉, 〈t, x〉)}.
Suppose N is a non-identity normal subgroup of G, then N is one of the sub-
groups listed in Lemma 4. Since G′ = 〈t2
m−1
〉 ≤ N, we have AN/N = G/N and
the corresponding
SG/N =
{
{(〈1〉, G/N)}, if G/N is cyclic,
ø, otherwise.
Next we see that among all the normal subgroups N of G stated in Lemma 4, only
the following subgroups N satisfy the condition that G/N is cyclic;
Ni, N
(α)
4 , N
(β)
j , 1 ≤ i ≤ 3, 0 ≤ α ≤ m− 1, 5 ≤ j ≤ 7, 0 ≤ β ≤ m− 2.
Therefore S = {(N0, 〈x〉, N1)}∪{(Ni, 〈1〉, G/Ni) | 1 ≤ i ≤ 3}∪{(N
(α)
4 , 〈1〉, G/N
(α)
4 )|
0 ≤ α ≤ m− 1} ∪ {(N
(β)
j , 〈1〉, G/N
(β)
j ) | 0 ≤ β ≤ m− 2} and thus (i) follows.
In order to prove (ii) and (iii), we first note that for any integer γ ≥ 2,
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ord2γ (q) =


2γ−λ, γ ≥ λ+ 1, q ≡ 1 or − 1 (mod 4),
1, γ ≤ λ , q ≡ 1 (mod 4),
2, γ ≤ λ, q ≡ −1 (mod 4).
Direct calculations yield that for each (N,D/N,AN/N) ∈ S, the corresponding
o(AN , D) and |R(AN/D)| are as given by the following tables:
Case I : q ≡ 1 (mod 4).
(N, D/N, AN/N) o(AN , D) |R(AN/D)|
(Ni, 〈1〉, G/Ni), 1 1
1 ≤ i ≤ 3
(N
(0)
4 , 〈1〉, G/N
(0)
4 ), 1 1
(N
(α)
4 , 〈1〉, G/N
(α)
4 ),
{
2α−λ, α ≥ λ+ 1,
1, α ≤ λ
{
2λ−1, α ≥ λ+ 1,
2α−1, α ≤ λ
1 ≤ α ≤ m− 1
(N
(β)
j , 〈1〉, G/N
(β)
j ),
{
2β+1−λ, β ≥ λ,
1, β ≤ λ− 1
{
2λ−1, β ≥ λ,
2β, β ≤ λ− 1
5 ≤ j ≤ 7, 0 ≤ β ≤ m− 2
(N0, 〈x〉, N1)
{
2m−λ, m ≥ λ+ 1,
1, m ≤ λ
{
2λ−1, m ≥ λ+ 1,
2m−1, m ≤ λ
Case II : q ≡ −1 (mod 4).
(N, D/N, AN/N) o(AN , D) |R(AN/D)|
(Ni, 〈1〉, G/Ni), 1 1
1 ≤ i ≤ 3
(N
(α)
4 , 〈1〉, G/N
(α)
4 ), 1 1
0 ≤ α ≤ 1
(N
(α)
4 , 〈1〉, G/N
(α)
4 ),
{
2α−λ, α ≥ λ+ 2,
2, α ≤ λ+ 1
{
2λ−1, α ≥ λ+ 2,
2α−2, α ≤ λ+ 1
2 ≤ α ≤ m− 1
(N
(0)
j , 〈1〉, G/N
(0)
j ), 1 1
5 ≤ j ≤ 7,
(N
(β)
j , 〈1〉, G/N
(β)
j ),
{
2β+1−λ, β ≥ λ+ 1,
2, β ≤ λ
{
2λ−1, β ≥ λ+ 1,
2β−1, β ≤ λ
5 ≤ j ≤ 7, 1 ≤ β ≤ m− 2
(N0, 〈x〉, N1)
{
2m−λ, m ≥ λ+ 1,
2, m ≤ λ
{
2λ−1, m ≥ λ+ 2,
2m−2, m ≤ λ+ 1
Thus, Theorem 3 with the help of above two tables yield (ii) and (iii).
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4.2 Groups of type D2
Observe that for m = 1, the group G of type D2 is isomorphic to Q8, the
quaternion group of order 8 and the structure of group algebra Fq[Q8] can be read
from Example 4.4 of [1].
Let m ≥ 2. Define
K0 := 〈1〉, K1 := 〈x〉;K2
(α) := 〈x2
α
, x2
α−1y〉, K3
(β) := 〈x2
β
, x2
β−1−1y〉,
0 ≤ α ≤ m, 1 ≤ β ≤ m.
Let λ be the highest power of 2 dividing q − 1 (resp. q + 1) according as
q ≡ 1 (mod 4) (resp. q ≡ −1 (mod 4)).
Ferraz, Goodaire and Milies proved ([5], Theorem 3.2) that the Wedderburn
decomposition of Fq[G], G of type D2, contains at least 4m simple components. If
q ≡ 3 (mod 8), then this number is acheived with 4m − 2 fields and 2 quaternion
algebras, each necessarily a ring of 2×2 matrices. The following Theorem improves
this result of Ferraz et.al.
Theorem 6 A complete set of primitive central idempotents, Wedderburn decom-
position and the automorphism group of Fq[G], G of type D2, m ≥ 2, are given
by:
Primitive central idempotents
eC(G, K1, K0), C ∈ R(K1/K0);
eC(G, G, K1), C ∈ R(G/K1);
eC(G, G, K
(α)
2 ), C ∈ R(G/K2
(α)), 0 ≤ α ≤ m;
eC(G, G, K
(β)
3 ), C ∈ R(G/K
(β)
3 ), 1 ≤ β ≤ m.
Wedderburn decomposition
q ≡ 1 (mod 4)
Fq[G] ∼=
{
Fq
(2m+1)⊕M2(Fq)(2m−1), m ≤ λ,
Fq
(2λ+1)⊕m
α=λ+1 Fq2α−λ
(2λ)⊕M2(Fq2m−λ )(2λ−1), m ≥ λ+ 1.
18
q ≡ −1 (mod 4)
Fq[G] ∼=
{
Fq
(4)⊕Fq2(2m−2)⊕M2(Fq2)(2m−2), 2 ≤ m ≤ λ+ 1,
Fq
(4)⊕Fq2(2λ+1−2)⊕mα=λ+2 Fq2α−λ (2λ)⊕M2(Fq2m−λ )(2λ−1), m ≥ λ+ 2.
Automorphism group
q ≡ 1 (mod 4)
Aut(Fq[G]) ∼=
{
S2m+1
⊕
(SL2(Fq)
(2m−1)
⋊ S2m−1), m ≤ λ,
S2λ+1
⊕m
α=λ+1(Z2α−λ
(2λ) ⋊ S2λ)
⊕
Hλ, m ≥ λ+ 1,
q ≡ −1 (mod 4)
Aut(Fq[G]) ∼=
{
S4
⊕
(Z2
(2m−2) ⋊ S2m−2)
⊕
((SL2(Fq2)⋊ Z2)
(2m−2)
⋊ S2m−2), m ≤ λ+ 1,
S4
⊕
(Z2
(2λ+1−2) ⋊ S2λ+1−2)
⊕m
α=λ+2(Z2α−λ
(2λ) ⋊ S2λ)
⊕
Hλ, m ≥ λ+ 2,
where Hλ = (SL2(Fq2m−λ )⋊ Z2m−λ)
(2λ−1)
⋊ S2λ−1 .
Proof. We have
G = 〈x, y | x2
m+1
= 1, y2 = x2, y−1xy = x2
m+1〉.
By Lemma 1, the non-identity normal subgroups of G are given by
(i) 〈x2
α
〉, 〈x2
α
, x2
α−1y〉, 0 ≤ α ≤ m,
(ii) 〈x2
β
, x2
β−1−1y〉, 1 ≤ β ≤ m.
Also, Lemmas 2 and 3 yield that
S = {(K0, 〈1〉, K1)} ∪ {(K1, 〈1〉, G/K1)} ∪ {(K2
(α), 〈1〉, G/K2
(α)) | 0 ≤ α ≤ m} ∪
{(K3
(β), 〈1〉, G/K3
(β)) | 1 ≤ β ≤ m}. Therefore, (i) follows from Theorem 4.
For each (N,D/N,AN/N) ∈ S, the corresponding o(AN , D) and |R(AN/D)|
in the cases q ≡ 1 (mod 4) or q ≡ −1 (mod 4) are as follows:
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Case I : q ≡ 1 (mod 4).
(N, D/N, AN/N) o(AN , D) |R(AN/D)|
(K1, 〈1〉, G/K1), 1 1
(K2
(0), 〈1〉, G/K2
(0)), 1 1
(K2
(α), 〈1〉, G/K2
(α)),
{
2α−λ, α ≥ λ+ 1,
1, α ≤ λ
{
2λ−1, α ≥ λ+ 1,
2α−1, α ≤ λ
1 ≤ α ≤ m
(K3
(β), 〈1〉, G/K3
(β)),
{
2β−λ, β ≥ λ+ 1,
1, β ≤ λ
{
2λ−1, β ≥ λ+ 1,
2β−1, β ≤ λ
1 ≤ β ≤ m
(K0, 〈1〉, K1)
{
2m−λ, m ≥ λ+ 1,
1, m ≤ λ
{
2λ−1, m ≥ λ+ 1,
2m−1, m ≤ λ
Case II : q ≡ −1 (mod 4).
(N, D/N, AN/N) o(AN , D) |R(AN/D)|
(K1, 〈1〉, G/K1), 1 1
(K
(α)
2 , 〈1〉, G/K
(α)
2 ), 1 1
0 ≤ α ≤ 1
(K
(α)
2 , 〈1〉, G/K
(α)
2 ),
{
2α−λ, α ≥ λ+ 2,
2, α ≤ λ+ 1
{
2λ−1, α ≥ λ+ 2,
2α−2, α ≤ λ+ 1
2 ≤ α ≤ m
(K
(1)
3 , 〈1〉, G/K
(1)
3 ), 1 1
(K
(β)
3 , 〈1〉, G/K
(β)
3 ),
{
2β−λ, β ≥ λ+ 2,
2, β ≤ λ+ 1
{
2λ−1, β ≥ λ+ 2,
2β−2, β ≤ λ+ 1
2 ≤ β ≤ m
(K0, 〈1〉, K1)
{
2m−λ, m ≥ λ+ 2,
2, m ≤ λ+ 1
{
2λ−1, m ≥ λ+ 2,
2m−2, m ≤ λ+ 1
Thus Theorem 3 , with the help of above two tables yield (ii) and (iii). 
Remark: The above analysis of the structure of Fq[G], G of typeD1, D2, provides
a method for computing the algebraic structure of Fq[G], for finite group G whose
central quotient is Klein four-group. It will thus naturally be of interest to compute
the algebraic structure of Fq[G], G of type Di, i = 3, 4, 5.
20
References
[1] Gurmeet K. Bakshi, Shalini Gupta, and Inder Bir S. Passi, The struc-
ture of finite semisimple metacyclic group algebras, J. Ramanujan Math Soc.
(to appear).
[2] Gurmeet K. Bakshi, Ravindra S. Kulkarni, and Inder Bir S. Passi, The rational
group algebra of a finite group, J. Algebra Appl. 12 (2013).
[3] Osnel Broche and A´ngel del Rı´o, Wedderburn decomposition of finite group
algebras, Finite Fields Appl. 13 (2007), 71–79.
[4] Charles W. Curtis and Irving Reiner, Representation theory of finite groups
and associative algebras, AMS Chelsea Publishing, Providence, RI, 2006.
[5] Raul A. Ferraz, Edgar G. Goodaire, and Ce´sar Polcino Milies, Some classes of
semisimple group (and loop) algebras over finite fields, J. Algebra 324 (2010),
3457–3469.
[6] Edgar G. Goodaire, Alternative loop rings, Publ. Math. Debrecen 30 (1983),
31–38.
[7] Edgar G. Goodaire, Eric Jespers, and Ce´sar Polcino Milies, Alternative loop
rings, North-Holland Mathematics Studies, vol. 184, North-Holland Publishing
Co., Amsterdam, 1996.
[8] Aurora Olivieri, A´. del Rı´o, and Juan Jacobo Simo´n, The group of au-
tomorphisms of the rational group algebra of a finite metacyclic group,
Comm. Algebra 34 (2006), 3543–3567.
21
